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1. Introduction

Biological marker
Accuracy of available marker
Resistance/tolerance



1a. Biological marker

" Reduction of bovine mastitis prevalence
Opposition to disease transmission

" Early detection of mammary infection (IMI)

® Biomarker = objective indicator of disease state
(eg., SCC, M-SAA3, Hp, LDH, NAGAse, ...)

® Surrogate endpoint = substitute for disease
endpoint
(eg. early predictor of infection, survival, or clinical signs)

< mathematical models to estimate pr(IMI) 4



1b. Accuracy

Frequency distribution of SCC for IMI- or IMI+ quarters
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Imperfect detectability
- misleading info on transmission dynamics
(prevalence, incidence, association with disease, ...)




1c. Resistance/ tolerance

B. A Rov! avp I W. Krrcrwer?  Evolisn, 34(1). 2000, pp. 51-63
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m Tolerance = little fitness
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2. Finite mixture model

General formulation
Likelihood
EM algorithm



2a. Formulation of FMM

Pr(SCC) = pr(SCC Q IMI-) + pr(SCC Q IMI+)

PF(SCC) =* or(SCC|IMI-)
/+ [1- pr(IMI)] *

= Resistance /‘

= Surrogate

= Tolerance
= Accuracy




FMM

Time:
t=1 t=2 t=3 t=4
Hidden states
IMI+ IMI- IMI- IMI- P(IMI)
TR T el
SCC SCC SCC SCC
Observed sequences

|

Emission probability:
P(SCC|IMI) ;



FMM
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FMM F = (m Mo, 11, 020, 52)

P(Yx |2 =0) ~ N4, 07) M\
ZL =1)~ N(/ultaalz)

p(y,

p(z, =0) ~ Bi(7,)

N
cows are independent: P(Y .y, .Y, ) =Hp(Xk)
k=1
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2b.Maximum likelihood
estimation

Likelihood for one sequence (one cow):
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FMM

p(z| F)=p(z;7; .-, 2 F)
=p(z, | F)p(z; |z, F) p(z, | 2,2, F)...p(z, | 2, .2, 7 , ..., 2, F)

T

=z, |B) plz, [y plz, [B).. 0z, [P) =] | p(z, | F)
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N
Likelihood for N cows: | p(yIF)=]p (.- ¥y, IF)
k=1
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2c. EM algorithm

E step:
QP =E[1og[p(y »-s ¥ 3 Zisees Znye | O Y ey ;O]

log(n{+log p(yy, | z, =0)}
{log(1-m) +log p(yy |z, =1)}

ﬂ:k N(ufaﬁlz)
, N(ug,00)+(1-m, )N(u},07)

It is the probability of being in state i at time t, given the
SCS sequence yiVY>... Y1.

E[z TG :Cit,k




FMM

M step:

eOWMP) = argmax Q(p-1)

2o

T

= expected frequency in
state IMI- for the cow

Y C y
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= weighted mean and variance
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3. Hidden Markov model

General formulation
Likelihood
EM algorithm
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2a. Formulation

Pr(SCC), = * pr(SCC|IMI"),

* pr(SCC|IMI*),
Resistance
/%/ @ery IMI*,_, >IMI,
Recurrence: IMI- ; 2IMI*,
Persistencet: IMI*_; 2IMIt,

Uikt ersistence-: IMI-,_; >IMI-
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Time:
t=1 = t=3 t=4

Transition probability

Hidden states :

1 i —» IMI+ —» IMI- —» IMI- —»IMI—

L l

SCC SCC
Observed sequences

Em|SS|on probability
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Time
t=1 t=2 t=3 t=4

0—>@—'@—>@—>?

yf( = value of biomarker at tt" time on kth cow
t t
Zy = 0 if IMI- Z, = 1if IMI+
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Output independence: observations are independent
given the unknown IMI state

PV, | Zes Vi Yy se) =DP(Yy | Z)

Time is discrete

Markov property: the next state depends only on the
current state 1!

f | 1&1 iy t+1 | _t
p(z, |z,2 5., 2,) =D(2 | Z,)
“Conditioned on the present,the past & future are independent”

Stationarity: transition probabilities are time
invariant

Il I
plza) il = )k 1



H = (A: Ho, K1, 020, 621' }\‘k)

p(y,
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z, =0)~N(1,0,)
z, =1)~N(z,07)

p(z, =1) ~ Bi(4)

cows are independent: p(y .Y,
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3b. Maximum likelihood
estimation

Likelihood for one sequence (one cow):

p(y, IH)=pisYern Y | H) =D D(¥i,Vis Vi | 2. H) xplz | H)

11111 \

P(Yi> Vi Y | Z, H)
—= p(yi,yi,...,yg | Z}{,zi,...,zg, H)
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p(z| H)=p(z}, 2y, 2 | H)
@) .
—P(Zk | H) P(Zk |Zk,H) P(Zk |ZkazkaH) (0‘06( ik 5 Zi sy Zy, H)
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\«\cé"’“ (Z’SP@k H) Hp(zk 2t Hp(yl, | 24, H)

N

N
Likelihood for N cows: P IB)=]]p (¥, H
k=1
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Forward-backward algorithm

2-0)_ 2" @0
[ ] e o [ ] e o
—>

a01 alo

yl ° e o yt yt+1 ° e o yT

The algorithm takes on the order of 4T computations
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m Forward probabilities : proba that, given H, at time t, the state is i and
the sequence of partial observation (y, ... y;) has been generated

o, (0) =p(yy |z, =0) p(z; =0)

i (0) =[oy (0)a}’ +a (1) ay 1p(y,lzi=0)

oy (i) = p(Yy Y 2k = 1)

3 steps

., . o o @ induction (t=0)
recursion (increasing t)

termination (t=T)

yt+1 e o o yT
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m Backward probabilities : proba that, given H and given the state i at
time t, a sequence of partial observation (y.,; ... Y7) has been generated

t /- T t 1
B () =p(yy ¥ |2 =1) BL(0)=[a% p(yi™ | 2 = 0) 4 (0)]

+la p(y” [z =D (1]
REEs BRI

3 steps
induction (t=T)

@ @ recursion (decreasing t)
termination (t=0)
y1 e o o y yt+1 e o o yT
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t+1
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Dbt S E
:p(zkazk_HH)
0} (0)BL(0) = p(y, .7, =0 H)
) o (0)B.(0)+a(D)BL()=p(y, |H)




3c. EM algorithm

E step:
QU =E[log[p(y, »--s ¥ 3 ZisnZn [ O] Y, sy, 0P ]

E[z, =1]y log(X,)+E[z =0y Jlog(1-1,)

T 0,1 |
+ Y (Bl =i A" = iy Mog (a}

t=1 i,

T 0,1 1L
+ 3 D{Elzt =ily,Dog N(u.7)

t=1 i,j
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=)

Elz =ily I=plz =ily, ]=vix
| ply,.zx =il
ply, .z =0]+pr[y, .z =1]
@B
oy (0) By (0) + o (1) By (1)

It is the probability of being in state i at time t, given
the observation sequence y; vy, ... yt.
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B)E (2, =i,z = j|y, |=plz =i.2]" = j|y, I=&,
ply,.z =12 =]]
ply,.zi =01+ply, .z =1]
o (D) af BTG N, 07)
0 (0)BL(0)+ay (DB (1)

It is the probability of being in state i at time t and in state j
at time t+1, given the observation sequence y; vy, ... yt.
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®(P) = argmax Q(r-1)

M step:
2 :y() = weighted means and
kK= 71k variances
= expected frequency of state IMI- t Jt
at start 1} k;N y1,k Yk
t i
N t
Al — tzzl,:T glj’k k;N yi,k
1] %) yt | t t At 2
t=1,T ),k Z Z i1 (yk _lvli)
1 ~2  k=INt=l,T
= expected number of transitions || ©; t
from state j to state i divided by Z Z Yik
the expected number of transitions k=I.Nt=1.T
' 32

out of statej



4. Simulation

Survey of SCC
Pathogen

Severity of response
Data sets

Accuracy of MLE

33



4a. SUrVeY (de Haas et al., 2002, 2004)
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4b. Pathogen
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Severity of response
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o b
ﬂn::- gﬂ:. ] ”N} .

E CFU

o ¥ v sce

]

]

o ua ur A e

E (=T a K’, . L=
L S E—

0 20 40 60 ¥ 20 40 60

Time relative to E, coli challenge (h)

Jalil MEHRZAD®P-¢, Luc DUCHATEAU?, Christian BURVENICH®*
Vet. Res. 36 (2005) 101-116
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4d. Simulated data sets

!Jf)fort= 1

to 10

W fort=1to 10
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Month in milk
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3 simulated data sets:

% infected cows = 20, 50%
% E. coli among infected cows = 0,50,100%
high and moderate responders: ,

o, =1.00r1.4

EM algorithm for both HMM and FMM:
same priors
500 iterations
10 replications

A

Accuracy of MLE:0-60
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4e. Accuracy of MLE

Bias in .ng (3 to 5)

FMM : 0.15 (0.03)
HMM : 0.19 (0.02)

Bias in_G, (1.0 or 1.4)
FMM : 0.22 (0.04)
HMM : 0.24 (0.05)

Similar differences between true
values and MLE for parameters of
the IMI- distribution
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t
Bias in L, (5 to 7)
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Bias in |
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Conclusions
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@ Same amount of data
s Increased accuracy of MLE
m Resistance and tolerance
s Transition probabilities

m Simplification of reality
s Age, season, herd, ..
m '[solated’ proba of IMI-
s Genetic relationship between cows




Thank you for your attention
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